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Abstract 

This paper presents an example of applying semi-Markov decision process to model and analyse the 

bus operation and maintenance process within an urban transport system and to forecast the influence 

of the operation and maintenance strategies realised for the technical objects on the transport system 

behaviour. Setting the values of the indices describing the process under the analysis is performed on 

the basis of a computerised simulation of the semi-Markov decision process, being a mathematical 

model of the technical objects operation and maintenance process. In order to simulate the operation 

and maintenance process and to evaluate the influence of the decisions being made on the course and 

effectiveness of the process being realised within the study object a simulation algorithm has been 

elaborated and a computer calculation program has been written. 
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INTRODUCTION 

The object of the investigations is generally defined operation and maintenance system of the technical 

objects. The controlled processes being the components of the operation and maintenance process are 

realized in this system. 

As an example of the investigation object, serving to illustrate all the considerations, a real system of 

an urban bus operation and maintenance system within a large (approx. 400 thousand of residents) 

agglomeration has been chosen. 

The subject of the investigations is a determined set of the operation and maintenance states of the 

means of transport and processes of their maintenance as well as the sets of possible decisions made in 

each of the w states affecting the flow of the operation and maintenance process, including relations 

occurring between the elements of the said sets and between them and effectiveness of the operation 

and maintenance process. 

Supporting a decision maker in the decision making process regarding realization of the operation and 

maintenance process of the means of transport may be realized by forecasting the way the operation 

and maintenance is going to behave and by evaluating the influence of the chosen decision variants on 

the flow of the operation and maintenance process. The analysis of the results from investigations of 

the operation and maintenance process models may be helpful here (Landowski, 1999; Landowski, 

Perczyński, Kolber & Muślewski 2016). The investigations of such a type include determination of the 

value of the selected measures of the technical and economic efficiency of the process being realized 

for the assessed values of the model parameters corresponding to the analysed decision variants. A 

change of the model input parameters value may reflect a change of the way the internal and external 

factors affect the system behaviour. The analysis of the results of the investigations realized in such a 

manner makes it possible to evaluate operation of the system under investigation and of the process 

being realized in it as well as to determine the decision indices enabling reasonable control of the 

system (Landowski, et al., 2016; Landowski, Woropay & Neubauer, 2004; Woropay, Knopik & 

Landowski, 2001). 

As examples of the of the criterion function, the following parameters may be considered: values of 

the transport system reliability features, values of the incomes discounted in a long range of time or an 

average value of the incomes for the determined ranges of time (Landowski, 1999; 2013; Landowski, 

et al., 2016; Landowski, et al., 2004; Woropay, et al., 2001; Woropay, Landowski & Neubauer, 2004). 

This paper presents an example of using the semi-Markov decision process to model and analyse the 

urban bus transport operation and maintenance process. Determination of the values of the indices 

describing the process being analysed is performed on the basis of a computerized simulation of the 
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semi-Markov decision process, being a mathematical model of the technical objects operation and 

maintenance process. 

In order to illustrate the investigations a calculation example and the chosen results of the simulation 

experiments have been presented herein. 

 

MATERIALS AND METHODS 

Mathematical model of the operation and maintenance process. 

It has been assumed that the stochastic process  Tt,X t   with finite number of the states from the 

space S={1,2,...n}, where the set T means non-negative real semiaxis 0t   is a mathematical model 

of the bus operation and maintenance process. The changes of the process state occur at the moments 

t=t1,t2,...tn. The states of the analysed stochastic process correspond to the identified bus operation and 

maintenance states.  

A finite set iA ={1,2, ... iA } of decisions (actions, alternatives), which may be applied in the state 

Si  corresponds to each state Si . The power of the set iA  is denoted by iA .  

The space of possible decisions: 


Si

iAA


 . 

The decisions are defined as determination of the proceeding way, for instance in relation to a 

technical object, at the moment of entering a particular state. In a real operation and maintenance 

system there may be various methods of servicing (repairs, inspections) or using the object (e.g. 

various routes, over which a bus is used), having an influence on the suffered costs and generated 

incomes as well as on the frequency and types of damages to the object (Landowski, 1999; Landowski, 

et al., 2004; Woropay, et al., 2004). 

Let 0p i   denote a probability that the process will be in the state Si  at the moment t=0. Naturally 





Si

i 1p .  

The vector p=[pi], Si  is a stochastic vector of the initial process distribution  Tt,X t  . 

If at the moment tk, kN the process is in the state i and the decision iAa  was made when entering 

this state then 
a

ijp , where i,jS represents the probability that the process will be in the state j at the 

moment tk+1 (the next state of the process will be the state j). 

It is assumed that 



Sj

a

ij 1p  and 0pa

ij   for all Sj,i   i iAa . 

To simplify the considerations it has been assumed in the calculation example that: 
a

ijp  = pij 

Let a
ir  denote an income, when 

a

ir >0 (a loss, when 
a

ir <0) per a time unit generated by the system, 

when the process Tt,X t   is in the state Si  at the moment t and the decision iAa  was made 

when entering the state i. It is assumed that the income 
a

ir  is limited for all Si  and iAa . 

The random variable denoting duration of the state Si  of the process, when Sj  will be the next 

state and the decision iAa  with the distribution determined by the distribution function  tFa

ij  was 

made when entering the state i has been identified with the symbol 
a

ijT . 

To simplify further investigations it has been assumed that  

 tFa

ij =  tFa

i =  tFia , i,jS, iAa . 

The function  tFia  is a distribution function of the distribution of the state Si  duration provided 

that the decision a was made when entering this state. 
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The random variable denoting the duration of the state Si , with the distribution determined by the 

distribution function  tFia  has been identified with the symbol Tia. 

The stochastic process  Tt,X t   determined this way is a special case of the semi-Markov decision 

process with incomes (Baykal-Gürsoy & Gürsoy, 2007; Feinberg, 1994; Landowski, et al., 2004). 

Decision model of an operation and maintenance process 

The investigations presented hereunder assume that from the point of view of the investigation aim, it 

is possible to identify n separable subsets of the homogenous objects in the set of the technical objects 

being operated and maintained in a transport system.  

Various maintenance events requiring from the decision makers of the operation and maintenance 

system to make current decisions regarding the way of operating and maintaining the vehicles, the 

results of which affect the flow of the operation and maintenance process, including its economic 

effect occur when operating and maintaining the buses in an urban transport system. The bus operation 

and maintenance states are characterized by the distributions of these states durations and by unitary 

incomes (costs) generated by the system, when a vehicle stays in a specific state (Landowski, 1999; 

Landowski, et al., 2004; Woropay, et al., 2001).  

The simplified model of operation and maintenance process of an urban bus transport system 

presented hereunder illustrates possibility to apply semi-Markov decision process and a computerized 

simulation to analyse and control the operation and maintenance process of the technical objects. 

Three bus operation and maintenance states have been analysed. The state S1 – using a technical 

object. A technical object including its operator carries out the transport tasks assigned to it. The state 

S2 – servicing a technical object performed by so called technical service (TS) units. An unserviceable 

technical object staying in the environment of the operation and maintenance system is affected by the 

actions performed by mobile technical service units aimed at bringing back its serviceability. The state 

S3 – servicing a technical object within the operation and maintenance system. An unserviceable 

technical object is affected by the actions aimed at bringing back its serviceability within a subsystem 

of assuring serviceability of the analysed vehicle operation and maintenance system or in another 

organizational unit (Landowski, 1999; Landowski, et al., 2004; Woropay, et al., 2001).  

Such a state occurs in the investigated system at the moment when such a damage occurred that cannot 

be removed by the technical service units outside the service station or the vehicle was directed to the 

service station for other reasons.  

The space of the states S of the process consists of three states S={i : i=1,2,3} in the investigated 

model. The states i of the analysed stochastic process correspond to the identified bus operation and 

maintenance states Si.  

On the basis of identification of a real urban bus transport operation and maintenance system the 

possible transitions between the identified bus operation and maintenance states have been 

determined. The changes of the operation and maintenance states are described with the stochastic 

process  Tt,X t  .  

The transition matrix P = [pij], i,jS of the Markov chain inserted into the process  Tt,X t   has 

been assessed on the basis of the investigations realized in a real system of the urban bus operation and 

maintenance system (Tab. 1). 

 

Tab.1 Probability values pij, i,jS of the process states changes Tt,X t   

State j 

I 1 2 3 

1 0 0,81 0,19 

2 0,9 0 0,1 

3 1 0 0 

 

When entering the state S1 a decision may be made about the kind of the transport task (determined by 

the kind of so called communication route within the urban transport systems). Realization of the 
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transport tasks over a respective route may have an influence on the frequency and kind of the 

damages to the vehicles realizing the transport tasks. It is related to the condition of the roads, number 

of passengers, route length, number of bus stops etc. The income per a time unit related to being in this 

state is determined on the basis of so called buskilometre and average velocity of the travel over the 

respective route. The buskilometre price is settled on tender basis. Therefore, it is of significant 

importance for the transport companies to determine the technical and economic aspects of the task 

realization over the individual communication routes.  

In the state S2 a decision may be made to send a technical service unit of a special type (the technical 

service units used in the analysed operation and maintenance system differ from one another by their 

type and technical equipment which is crucial for the scope of the realized repairs). 

In the state S3 a decision may be made about performing the service within a subsystem of assuring 

serviceability of the analysed vehicle operation and maintenance system or to have one of the external 

companies realize such a service. The following factors are related to the type of the unit realizing the 

service process: scopes of the realized actions, diagnostic apparatuses in use, or service duration, 

number of people needed to realize the service, etc. which in an obvious way affect the costs of the 

services being realized. 

In order to simplify the consideration, it has been assumed hereunder that a decision regarding 

selection of the respective communication route may be made only in the first state. Four 

communication routes have been analysed. The decision k made when entering the state i has been 

denoted by aik, (i,kN). The decision space may be presented as A={a11,a12,...,a14}. 

 

RESULTS AND DISCUSSION 
In order to simulate the operation and maintenance process (semi-Markov decision process) and to 

evaluate the influence of the taken decisions on the flow and effectiveness of the process being 

realized within the investigation object a simulation algorithm has been elaborated and a computer 

calculation program has been developed (Landowski, et al., 2004; Woropay, et al., 2004).  

The subject of the analysis in the considered example was transport realization effectiveness over the 

respective communication routes. 

The simulation experiment has been carried out for all possible deterministic strategies for the 

considered example, assuming that there are 200 maintained and operated vehicles in the system and 

the duration of the simulation is equal to 31 days. The deterministic strategy is understood as a 

strategy to make the same decision in the respective state. 

The chosen simulation results presented hereunder refer to four deterministic strategies and they are 

denoted respectively St-1, St-2, ..., St-4. The strategy denoted with the code St-k, k = 1. 2, ..., 4 means 

that the decision k (a1k) was made when entering the state 1. 

The data needed for the simulation regarding the probability of transition between the states and the 

times of staying in the states (for the strategy denoted with the code St-1) have been preliminary 

assessed on the basis of the fragmentary investigation results. The remaining data needed for the 

simulation are hypothetical ones and serve to illustrate the considerations. 

The chosen simulation experiment results are presented in the Tab. 2 and 3. The results presented in 

the Tab. 2 include average values of the incomes generated by the system due to realization of the 

respective strategies by a single vehicle calculated per one day of realization of the transport tasks. 

However, the Tab. 3 includes number of entries to the respective states (jointly for all the vehicles) 

depending on the adopted strategies. 

 

Tab.2 Chosen simulation results – incomes generated within 24 hours by a system due to operation 

and maintenance of a single vehicle depending on the adopted strategy 

Strategy code Average value  Standard deviation  

St-1 238,61 39,93 

St-2 301,24 30,03 

St-3 329,24 30,68 

St-4 468,29 38,24 

 

191



 

58th ICMD 2017 

6 - 8 September 2017, Prague, Czech Republic 

 

Tab.3 Chosen simulation results – number of entries to the respective states depending on the adopted 

strategy  

State 
Strategy code 

St-1 St-2 St-3 St-4 

1 1569 4741 5242 6494 

2 1338 4421 4901 4829 

3 516 1481 1583 1585 

 

 

CONCLUSIONS 
The aim of the investigations was, among other things, to present possibility of applying chosen 

stochastic processes (that means semi-Markov decision processes) for mathematical modelling the 

system and vehicle operation and maintenance process.  

The investigated example of the model of the urban bus transport operation and maintenance process 

is significantly simplified (due to the nature of the elaboration). However, the presented way of 

building and analysing such models shows that it is possible to apply them to provide preliminary 

prognosis for a system state, and to evaluate the co-operation results of the primary (using) and the 

auxiliary (servicing) processes and supporting the decision makers in the process of making decisions 

regarding the control of the operation and maintenance process and the system in which it is being 

realized. 

The elaborated simulation program has been designed in such a way to assure possibility of using it in 

as extensive as possible class of problems related to the operation and maintenance of the technical 

objects. Realization of the simulation experiments enables determination of the parameter values 

(including momentary values) describing the vehicle operation and maintenance process that cannot be 

determined by means of an analytic method (for the most complex models). 

It seems that the analysis of the investigation results of the presented model types, for different values 

of their parameters (decision variants) assessed on the basis of the results coming from the operation 

and maintenance investigations may facilitate making reasonable decisions regarding the control of the 

vehicle operation and maintenance process. Such an analysis enables, among other things, to evaluate 

preliminarily both the technical and organizational aspects of the vehicle operation and maintenance 

and the economic ones of the realized transports, which may be the basis for affecting a real operation 

and maintenance system in order to secure its rational operation. 

Because of the nature of the affair the mathematical models of the operation and maintenance 

processes, realized within complex systems, constitute a simplification of the real processes. The 

consequence of the above is a necessity to formulate carefully the practical conclusions resulting from 

investigating these models. However, it does not limit the purposefulness of creating and analysing 

models of this type. The analysis of the results obtained by investigating these models, for the model 

parameter values, determined on the basis of the results from the operation and maintenance 

investigations realized in a real transport system, makes it possible to formulate conclusions and 

evaluations both in terms of quality and (in limited extent) quantity. 

The presented method to model and analyse the operation and maintenance process, due to the 

complex degree of the description generality and the system-based approach to the problem may be 

used to analyse an operation and maintenance process being realized in other operation and 

maintenance systems than an urban bus transport system. 
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